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Differentiation and integration rules Vectors

d
dx

(u · v) = u′v + uv′ Length: |xi + yj + zk| =
√
x2 + y2 + z2

d
dx

(
u
v

)
= u′v−uv′

v2
a · b = a1b1 + a2b2 + a3b3 = |a||b| cos θ

d
dx

(f(g)) = f ′(g) g′(x) a× b = (a2b3 − a3b2)i + (a3b1 − a1b3)j
+(a1b2 − a2b1)k∫

f(g) g′(x) dx =
∫
f(u) du Line through point (x0, y0, z0) parallel to (a, b, c):

(x, y, z) = (x0, y0, z0) + t(a, b, c)∫
u dv
dx

dx = uv −
∫
v du
dx

dx Plane with normal (a, b, c) is: ax+ by + cz = d

Trigonometry a · b× c = b · c× a = c · a× b = a× b · c

π radians equals 180◦, 1◦ equals π
180

radians a× (b× c) = (a · c)b− (a · b)c

tan θ = sin θ
cos θ

, cot θ = cos θ
sin θ

Multivariable calculus

sec θ = 1
cos θ

, csc θ = 1
sin θ

Gradient: ∇f = ∂f
∂x
i + ∂f

∂y
j + ∂f

∂z
k

sin2 θ + cos2 θ = 1, 1 + tan2 θ = sec2 θ Divergence: ∇ · F = ∂F1

∂x
+ ∂F2

∂y
+ ∂F3

∂z

sin(x± y) = sinx cos y ± cosx sin y Curl: ∇× F =
(
∂F3

∂y
− ∂F2

∂z

)
i +
(
∂F1

∂z
− ∂F3

∂x

)
j

+
(
∂F2

∂x
− ∂F1

∂y

)
k

cos(x± y) = cos x cos y ∓ sinx sin y Directional Derivative: df
ds

∣∣∣
â

= ∇f · â

tan(x± y) = tanx±tan y
1∓tanx tan y Area element: dA = dx dy = r dr dθ

sin 2x = 2 sin x cosx Cyl. polar coords. (s, θ, z): dV = s ds dθ dz

cos 2x = cos2 x− sin2 x = 2 cos2 x− 1 Sph. polar coords. (r, θ, φ): dV = r2 sinφ dr dθ dφ
= 1− 2 sin2 x

cos2 x = 1
2
(1 + cos 2x) , sin2 x = 1

2
(1− cos 2x) Surface: F (x, y, z) = 0 Normal: ∇F

Hyperbolic Surface: r = r(s, t) Normal: ∂r
∂s
× ∂r

∂t

sinhx = 1
2
(ex − e−x), coshx = 1

2
(ex + e−x) Curve: r(t) = x(t)i + y(t)j + z(t)k

Tangent: dr
dt

= dx
dt
i + dy

dt
j + dz

dt
k

tanhx = sinhx
coshx

, cothx = coshx
sinhx

Arc-length: ds
dt

= |dr
dt
|

cschx = 1
sinhx

, sechx = 1
coshx

Stokes’ theorem:
∫∫

S
(∇× F) · n̂ dS =

∮
C
F · dr

where C bounds S.
cosh2 x− sinh2 x = 1, tanh2 x+ sech2x = 1 Gauss’ Div. Thm.:

∫∫∫
V
∇ · F dV =

∫∫
S
F · n̂ dS,

surface S bounds V .

sinh(x± y) = sinhx cosh y ± coshx sinh y Green’s Thm.:
∫∫

R

(
∂g
∂x
− ∂f

∂y

)
dx dy

=
∮
C

(f dx+ g dy), C bounds region R.
cosh(x± y) = cosh x cosh y ± sinhx sinh y Complex numbers

tanh(x± y) = tanhx±tanh y
1±tanhx tanh y z = x+ iy, z̄ = x− iy

sinh 2x = 2 sinh x coshx i =
√
−1, i2 = −1, i3 = −i, i4 = 1

cosh 2x = cosh2 x+ sinh2 x = 2 cosh2 x− 1 Re(z) = x, Im(z) = y, |z| =
√
x2 + y2

= 2 sinh2 x+ 1
coshx± sinhx = e±x e±iθ = cos θ ± i sin θ

Logarithms and exponents If z = reiθ then r = |z| and θ = arg z

an+m = anam, (am)n = amn |zn| = |z|n arg(zn) = n arg(z)± 2kπ

am/an = am−n, (ab)n = anbn sinh(iz) = i sin z sin(iz) = i sinh z

log(xy) = log x+ log y, log(xn) = n log x cosh(iz) = cos z cos(iz) = cosh z

log
(
x
y

)
= log x− log y , logb a = log a

log b
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